
Vectorspaces

(sections 5 .116 .1 a n d 6 .2 )

Explanation: t h e applications la te r i n

t h e c o u r s e (eigenvalues,

projections, bes t- f i t lines) won't

m a k e s e n s e u n l e s s w e develop

appropriate te rmino logy.

T h i s i s t h e terminology!



T h e i d e a : you're used t o v e c t o r s being

e i t h e r c o w s o r c o l u m n s o f

r e a l n umbe r s . For v e c t o r

spaces i n general, o u r focus

w i l l b e o n properties : you

c a n a d d any t w o co l umn Corrow)

v e c t o r s and s c a l a r mu l t i p l y

t h e m . for u s , a v e c t o r

space w i l l b e anything

w h e r e w e c a n def ine "addition"

and "scalar
multiplication'!

-



Example : ( F U R ) ) L e t 7412)

denote a l l functions f-

o f a r e a l n u m b e r × t h a t

output a r e a l n umb e r y=f (x ) .

w e w r i t e f : I R → 112.

w e w a n t t o "add" a n d

"sca la r multiply'' funct ions.

T o d o t h i s , w e ' l l specify

w h a t h a s t o happen f o r

e v e r y × i n 112 since functions

a r e determined by thei r va lues

o n inputs .



Let × be a r e a l n um b e r and

l e t f a n d g b e functions i n FUR ) .

I f c i s a r e a l n um b e r , t h e n

w e de f ine t h e functions f t g and

c . f b y
rea l numbe r r e a l number

d t

( f t g ) ( x ) = f l a t gCx)

=(c. f ) ( x ) = c . f ( x )
d t

r e a l n um b e r rea l numbe r

T h i s i s a n example of a n

a b s t r a c t vector space : vec to r s a r e

n o w f u n c t i o n s f : IR 4112 !



Vector spaces i n General

A v e c t o r s p a c e ✓ i s a col lect ion

o f ob j ec t s s u c h t h a t y o u c a n de f i n e

t w o operations

- add i t i on o f vectors " t ' '

- s c a l a r mult ip l icat ion
o f vec to r s

"
.

"

whe re i f x , y a r e objects i n V , t h e n

X t y i s a l s o a n object i n V and

C - X i s a l s o a n object i n
V for

a " s c a l a r s c A N I



for a l l objects x , y , Z i n V , w h i c h

w e w i l l c a l l v e c t o r s , a n d a l l

sca la r s c a n d d ,

l ) ( X t y ) t z = X tCy t z )

associativity o f add i t i on

2 ) c . ( d . x ) = (Cd)-X
associativity of s c a l a r multiplication

3 ) x t y = y t x

commutativity o f add i t i on



4 ) ( ( td ) . X = c . x t a x

c . ( x t y ) = c - x + c . y

distributivity o f s c a l a r multiplication

o v e r a d d i t i o n

5 ) l - x - x

6 ) There i s a r e c t o r O r i n V

s u c h t h a t

O u t x = X .

e x i s t e n c e o f additive identity



7 ) for e a c h × , t h e r e i s a v e c t o r

- X i n V s u c h t h a t

X t C- x ) = O r

e x i s t e n c e o f a d d i t i v e inverses

-

W e n e v e r wa n t t o c h e c k a l l

t h e s e properties!

We ' d l i ke to assemble a catalog

o f v e c t o r spaces w h e r e w e k n o w

w h a t " t " , " . " , a n d O r a r e .



Example: ( IR" a n d Mm×nClR))

These a r e a l l v e c t o r spaces!

I f x=[¥!] ,
5 - [§,]

a r e c o l u m n vec to r s i n IR", t h e n

i f c i s a s c a l a r , w e k n o w t h a t

X i t y ,
X 2 tY 2

X t y = [ '

;

xnty
n)

C - X l
c . X d

c . x
= [ ] ,

zero vec to r
§
§):

C - x n



I f A > ( A i n ) , B-43in) a r e

m x n m a t r i c e s a n d c i s a scalar,

(At B ) i , u = A i n t Bisk

(C-A) i n = c - A im

for a l l 14 i t m , I E K E n .

T h e z e r o ve c t o r i s t h e z e r o

m a t r i x A i ," = O for

a " K a i E m , I E h E n .



Exampies: (sequences) Le t S denote

t h e c o l l e c t i o n o f a l l s e q u e n c e s

o f r e a l n u m b e r s . I f

(an)n[, ,
(bn)nI, a r e s u c h

sequences a n d C E I R , w e c a n

d e f i n e add i t ion a n d s c a l a r

mult ip l icat ion o f sequences by

c s a s

(an)n=, 1- (bn)n=, = (antbn)nI,

c - (an)%, = ( c . ante,



T h e z e r o v e c t o r i s t h e z e r o

s equence a n = 0 f o r a l l n z 1 :

(0,010, . . - ' ) = O w .

W i t h t h e s e operations, I becomes

a v e c t o r space!



No t e : ( z e r o function fo r FUR))

T h e z e r o vec to r fo r V = F A R )

i s t h e funct ion f a c t o for

a l l r e a l n u m b e r s × (graph

i s a ho r i zon ta l l i n e y = o ) .



Summary
-

Vectors i n a v e c t o r a r e w h a t e v e r

I c a n d e f i n e a d d i t i o n a n d s c a l a r

mu l t i p l i c a t i o n f o r ' .

I f V IR", v e c t o r s a r e roworcolumnar-rays

o f r e a l n u m b e r s

I f V=µ i R ' , v e c t o r s a r e m x ¥ s o f

r e a l n u m b e r s (matrices)

I f V ¥ l R ) , ve c t o r s a r e functions from

I R t o 112

I f µ ,
vectors a r e sequences o f

rea l numbers'



Problem: Checking a l l t h o s e properties!

Solution: C h e a t , by looking i n s i d e

t h i n g s w e already know t o

b e v e c t o r spaces!



Some ma t h ema t i c a l n o t a t i o n :

"
E

"
E " i s a m e m b e r o f

"

"E
"

= "contained i n a n d possibly equal"

" f " = " f o r every"

I l

" F " =

' ' there i s

\
1 1 1 1 1

= " imp l i e s⇒



Subspaces

Ta k e a v e c t o r space ✓ a n d l e t

W E V . W e s a y t h a t W is a

s ub space o f V i f W i s a l s o

a v e c t o r space u n d e r t h e operations

o f add i t i on and s c a l a r mult ip l icat ion

f r om V .
-

Note '. w e need w t o ac tua l l y h a v e

v e c t o r s i n i t .



T h e Subspace Te s t

I f V i s a v e c t o r s p a c e , W E V

i s a subspace precisely w h e n

1 ) O r E W

2 ) Y x , y E W , t h e n x t y E W

3 ) V CAR , X E W , t h e n c . X E W

Note: " f " and"." a r e t h e add i t i on and

sca l a r mult ip l icat ion
i n V .



Examplet: ( a plane i n 1123) I f ✓ 1123,

l e t W E V , W w i l l be

a l l v e c t o r s [ ¥] su c h t h a t

7- x - I l y t 2 1 0 2 = 0 .

i n
defin ing property o f

W

s h o w t h a t W i s a subspace o f
112
3

So lu t i on : U s e t h e subspace t e s t .

1 ) O V E N . w h a t i s Or?

I n t h i s c a s e , Ow:[§].



O r E U m e a n s t h a t Ou

sat is f ies t h e defining property o f W :

7- x - I l y t 2 1 0 2 = 0 .

Plug i n X = y = z = 0 and c h e c k

t h a t t h i s g i ves y o u z e r o i n t h e

a b o v e equat ion :

7 . O ' - I l - O t 2 1 0 . 0

= O - O t o = O ✓

s o [ 8 ) e w .



2) I f I , J E W , t h e n

I t y E W .

T h i s m e a n s : i f I a n d I sa t i s fy

t h e defining property o f W , t h en

so d o e s I t ' y .

I f I-[¥,], 51¥!],
then I and I satisfying t h e defining

property o f W m e a n s

7- x , - I l y, t 2102-1=0 and

7 × 2 -11921-210-22=0



Then Its-[I;)'-[II;]

I:÷÷s.Y , t 9 2

r n
c h e c k t h a t t h i s satisfies

t h e defining property o f W .

7- ( x , t x , ) - I l ( y i t y, ) + 2 1 0 (Zetta)
group

=
7 x , t 7 x # t z , t 21022

✓ group

= (7×1-1191+21021) t (7×21%1022)
=

= o t o = O ✓



T h e n I t y s a t i s f i e s t h e defining

property o f W , s o I t y E W .

3 ) Le t I E w , C E 112. S h o w c . F e w .

T o s h o w c . F E W , w e need t o

s h o w c . I s a t i s f i e s t h e defining

property o f W .

s i n c e I-[¥,] E w , w e

k n o w i t sat is f ies t h e defining

property o f W :

7-X,-11g, +2102-1=0



But c . e=c[¥!) = (E's,ez,]
w e

s h ow t h a t t h i s

satisfies t h e
defining property
o f W

7- ( c a ) - I l (Cs i ) t 2 l o c c z , )

= c (7- x , - I l y , t 2107)
I

= c . 0

= 0 i t

T h i s s h o w s c . F E W whenever

I E W and C E I R .



T h i s s h o w s W i s a subspace

o f
1123 by t h e s u b s p a c e test!



Remax : ( s p a n ) I f V i s a v e c t o r

space a n d S E V i s a

col lect ion o f v e c t o r s , w e c a n

de f i ne , a s f o r 112",

span ( 5 )
= a l l l i nea r combinations

o f v e c t o r s i n s

= a l l s u m s o f s c a l a r

mu l t i p l e s o f vec to r s

i n .

for a n y S E V s u c h t h a t 5 actually

con ta ins v e c t o r s ,spanlslisasubspace-
ofV. You m a y u s e

t h i s fact whenever appropriate.



Two-stepsubspo-Test

I f V i s a v e c t o r s p a c e , W E ✓

i s a subspace prec ise ly w h e n

1 ) O r E W

2 ) Y x , y E w , CE IR ,

c x t y E W .

Again, w e n e e d w t o a c t u a l l y contain v e c t o r s .



Example-5: (upper-triangular matrices)

Let ✓ = Munar). L e t W e i r

b e the co l l ec t i on o f a l l A - (Ain)

s u c h t h a t A i ,v, = 0 i f i > k .

Vdefiningpropenty o f W .

T h e s e m a t r i c e s l ook l i ke

n . . µ÷,
2 ) l

n : 3 [290%9] e t c .

311 312

a , b , c , e ,f , g c a n be a n y
r e a l n umbe r .



W i s ca l l ed t h e collection o f coppery

t r i a n g u l a r m a t r i c e s
✓

.

S h o w w i s a subspace o f M n , (R).

U s e t h e t w o - s t e p subspace t e s t .

1 ) O r E W .

Here, O r = 0am, the m a n z e r o

m a t r i x , whe re e v e r y e n t r y i s zero!

I n particular,

(Onxnli,u=0 i f i > k .

T h i s shows Onan satisfies
t h e ✓

defining property o f W , s o OnanEW.



2 ) L e t A , B E W and C E I R . S h o w

C A T B E W .

S i n c e A , B E W , they satisfy the defining

property o f W
'

.

A = ( A i , u ) a n d Ai,u = D i f i > k

B = ( B i n ) a n d B i ,u=0 i f i > k

N ow

(CAT B ) i n = (CA) i . a t Bine

= C Ain, t B i sk

= c . 0 t o i t
= O ✓



W e have s h o w n t h a t c A t B s a t i s f i e s

t h e defining property o f W , s o

C A T B E W . B y t h e t w o - s t e p

subspace t e s t , W i s a subspace

o f V = M n # ( I R ) .



Example-G: (not a subspace) Let ✓ =
112
2

a n d l e t S E V b e a l l

ve c to r s [ I ] s u c h t h a t

x y z 0 . S h ow S i s

n o t a subspace o f
1122.

So lu t ion : A l l w e need i s t o c o m e u p

w i t h e i t h e r

1 ) [ 8 ] i s n o t i n s

o r

2 ) I , 5 E S b u t I t f I S

for explicit examp les o f

I a nd yo'
o r



3 ) T E S b u t c - I i s n o t i n S

f o r a n expl icit c h o i c e o f F and

C .

T r y

1 ) Zero v e c t o r i X = y = o

0 . 0 = 0 2 0 , s o

[ 8 ) E S won't w o r k

2 ) W e need a choice o f i t a n d a

choice o f of where I , 5 E S

b u t I t s ¢ S .



[ 'ifs, [Des

( I t t f i t . [8) e s
n o t a counterexample.

[3) e s , [ I l es
B u t (3)t f ' a f f t ]

g. ( t ) = - I L O , s o

[ I ] i s n o t i n 5 .

So S i s not a subspace o f
112?


